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ABSTRACT: Self-consistent-field (SCF) calculations are presented of a planar grafted polymer layer that 
interacts either with free polymer chains or with another grafted layer. Three different systems are studied. 
The first is a grafted polymer layer immersed in a polymer solution. The interaction between grafted and 
free polymer can significantly influence the grafted polymer volume fraction profile. For grafted chains that 
are strongly stretched the lattice calculations are compared with the theory of Zhulina, Borisov, and Brombacher 
(Macromolecules 1991,24,4679). Good agreement is found when the free chain length is far smaller than 
the grafted chain length. The scaling behavior of the penetration of free polymer into the grafted layer is 
also studied for this system. In the second type of system the interaction between two grafted layers in the 
absence of free polymer is considered. The lattice calculations agree well with the theory of Zhulina et al. 
In the third system free polymer is present between the interacting grafted layers. If this free polymer has 
a small chain length, ita main effect on the interaction free energy is the compression of the free grafted layers, 
and only repulsion is found. However, for larger chain lengths a depletion attraction between the grafted 
layers appears. 

1 .  Introduction 
In a previous paper1 the self-consistent-field (SCF) 

description of noncompressed polymer brushes was dis- 
cussed. Assuming that the chains in such a brush are 
strongly stretched with respect to their free Gaussian 
dimension, one can elegantly describe the structure of such 
a system by following a suggestion first introduced by 
Semenov.2 In this approach all possible conformations of 
the polymer chains are replaced by a set of the most 
probable conformations. For a given system this assump- 
tion can be rigorously checked using a SCF theory that 
involves the generation of all possible chain conformations 
on a lattice. The assumption of strong chain stretching 
is valid for a polymer brush immersed in a low molecular 
weight solvent under a very wide range of solvent strengths, 
but this assumption breaks down under extreme condi- 
tions, notably for very short grafted chain lengths. A 
polymer brush containing long grafted chains immersed 
in a solution of short mobile chains behaves in a way similar 
to that of a brush in pure solvent. 

In this paper we shall discuss interactions between 
grafted layers in the absence and in the presence of free 
polymer. First, we discuss an isolated brush immersed in 
a solution of free polymer with the same chemical 
composition (but not necessarily the same degree of 
polymerization) as the grafted polymer. Here, the inter- 
esting issue is to what extent the free polymer penetrates 
into the grafted layer. Scaling dependencies will be derived 
for the degree of interpenetration as a function of grafting 
density, free and grafted chain lengths, and free polymer 
concentration. Second, the interaction between two planar 
grafted polymer layers immersed in a solvent will be 
considered. Milner e t  aL3 and Zhulina e t  aL4 showed how 
the strong chain-stretching description of a single polymer 
brush can be extended to describe the interaction between 
two grafted layers if the interpenetration of these two layers 
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is neglected. By comparing the predictions of this theory 
with the results of lattice calculations, we hope to gain 
more insight into the behavior of compressed polymer 
layers. In particular the effects of weak chain stretching 
and the interpenetration of opposite layers will be studied. 
The third system discussed in this paper is a combination 
of the two previous ones: the interaction of two grafted 
layers in a solution of free polymer. In section 2 the 
theoretical methods are described, in section 3 numerical 
and analytical results are given, and in section 4 we discuss 
these results. 

2. Theory 

Lattice Model. Grafted polymer, solvent, and free 
mobile polymer are distributed on a planar lattice, 
consisting of Mlayers of L sites each, between two parallel 
plates. The diameter, 1, of the segments defines the lattice 
spacing. We restrict ourselves to the case of grafted and 
free polymer molecules of identical segment types in an 
athermal solvent. For large interplate distances M1 this 
system reduces to that of two isolated polymer brushes 
immersed in a polymer solution. If MI is smaller than 
twice the brush thickness, we have two brushes in 
interaction. We consider polymer chains that are grafted 
at  one end onto one of the two plates with a relative surface 
coverage u = ng/L, where ng is the total number of chains 
grafted to that plate. In general, we want to compute the 
equilibrium distribution of all three components on the 
lattice for given values of M, u (0 I u I 11, grafted chain 
length Ng, free chain length Nf, and bulk volume fraction 
q$ of the mobile polymer (0 I q$ I 1). This is done by 
weighting all possible conformations of the polymer chains 
by their Boltzmann probability factor. In a previous paper' 
we showed how the Scheutjens-Fleer formalism for 
polymer adsorption can be used to fiid the volume fraction 
profiies of such systems with grafted chains in the presence 
or absence of free polymer. In that paper we also discussed 
the computational problems that arise when long polymer 
chains are considered with a high grafting density. 

For two interacting brushes the free energy A(M) of the 
system can be calculated a s5  
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changes upon compression. First we discuss the shape of 
an isolated brush immersed in a solution of free polymer. 

The volume fraction profiles of the grafted and free 
chains are given by the equations:' 

4,(z) = (1 - &[l- exp(-K2(@ - z2)}3 + 
&l- exp(-K?@ - z2)Nf]l  (6) 

Of 

LkT r = l  N f  

M -- A(M) - u l n ( u N g ( ~ G g ( z , N g ) ) - ' )  + -In 4: + 

Here Of and Os are the amount of free polymer and the 
amount of solvent molecules in the system, respectively, 
expressed in equivalent monolayers. The quantity 
Gg(z,Ng) is the average weight of all conformations of a 
grafted chain of which the end segment is in layer z ,  and 
u(z) is the potential energy profile of the polymer segments. 
When describing the interaction between two layers, it is 
convenient to define the excess surface free energy AS as 

Here, pE - and pf - pf are the chemical potentials of the 
solvent and free polymer, respectively, defined with respect 
to their pure amorphous phases (denoted by an asterisk). 
They are equal to+ 

* 
-- W f - P f  - I n & +  ( l - N f ) ( l - & )  

kT ( 3 )  

The interaction free energy Aint(M) between two layers 
can now be written as the difference between the excess 
surface free energy at  the given plate separation M and 
the excess surface free energy at  infinite plate separation: 

(4) 

Analytical Theory for a Polymer Brush Immersed 
in a Solution of Free Polymer. In this section we briefly 
review the results of Zhulinaet who made an elaborate 
SCF analysis of polymer brushes immersed in a solution 
of mobile polymer. Assuming that Nf << Ng,  so that the 
size of a mobile chain is much smaller than the charac- 
teristic length over which the volume fraction profile of 
the grafted chains decays, one can write the free energy 
density functional of mixing grafted polymer, free polymer, 
and solvent as: 

Aint(M) = As(M) - As(m) 

In the bulk solution ( z  > H, where H is the brush thickness) 
+g(z)  = 0, so that one can write 

Throughout this paper we assume the bulk solution to be 
infinitely large. 

By combiningf(z) with the elastic term in the free energy 
of the polymer brush, one can derive an expression for the 
total free energy of the brush (see ref 7 for details). One 
can also derive equations for the grafted and free polymer 
volume fraction profiles & and &. In the next section we 
will discuss the interaction between two polymer brushes, 
which can be analyzed by studying how their free energy 

$f ( z )  = 4; exp{-@W - z2)NfI 

where z is the distance from the surface and K is given by 

@ = 3a2/0l2N: 

The layer thickness H can be obtained from the normal- 
ization condition 

to give the equation 

K H  = NguKl + (1 - &')D(KH) + @N~'/2D(KNf' /2H)  
(7) 

where 

D(x) = e-"Sd[et' d t  

is the Dawson integral. Equations 6 and 7 give the volume 
fraction profiles 4g and 6f and the brush thickness H as 
functions of Ng,  Nf, and u. However, these equations are 
only valid provided Nf << N g  and under the condition that 
the grafted chains are strongly stretched (H >> Ng1/2) .  

In order to extend our consideration to low grafting 
densities and arbitrary lengths of the free polymer chains, 
we have to use scaling argumenk8 Although scaling 
arguments do not provide structural details of the system 
(volume fraction profiles, distribution of free ends, etc.), 
the combination of scaling and SCF results gives a general 
picture of a brush immersed in a polymer solution. Below, 
we analyze the power-law dependencies of the brush 
thickness and we also consider the degree of penetration 
of the free polymer into the polymer brush. These 
characteristics are studied as functions of Nf and u. Of 
course, for Nf << N g  and H >> N,1J2, the explicit expressions 
for H, +g(z) ,  and 4f(z) are available. 

Figure 1A presents a diagram of the state of a polymer 
brush immersed in a solution of free polymer. This figure 
shows the different power laws that exist for the depen- 
dence of H on u and Nf. The boundaries between the 
regimes where these laws are valid are also indicated. 

For high grafting densities as well as for low degrees of 
polymerization of the free polymer we are in region 1, 
which may be called the regime of "brush dominance".* 
The brush thickness scales exactly the same as in a pure 
low molecular weight solvent: 

H - Nga1I3 (8) 

Regions 2 and 3 may be called the regimes of "solution 
dominance". In region 2 the free polymer is excluded from 
the brush, which is compressed by the osmotic pressure 
of the surrounding solution, leading to the following scaling 
behavior of the brush height: 



3240 Wijmans et al. 

(A) 

Macromolecules, Vol. 27, No. 12, 1994 

N -615 
9 
L I 

0' 

I 

1 

Figure 1. Diagram of the state showing the various regimes for 
a single grafted polymer layer immersed in a polymeric solution. 
The grafted polymer has a chain length N ,  and is grafted at a 
density u. The free polymer is chemically identical to  the grafted 
polymer and has a chain length Nt, and ita volume fraction in the 
bulk is +f (in the text this quantity is indicated as 4;). In A the 
regions with different scaling laws for the thickness H of the 
grafted layer are shown. In B the boundaries are given between 
regions with different scaling laws for At (the penetration length 
of free polymer penetrating into the grafted layer) and AE (the 
penetration length of grafted polymer penetrating into the bulk 
solution). 

In region 3 free polymer penetrates into the brush and 
screens interactions between grafted polymer segments. 
This screening can be described by introducing an effective 
virial coefficient for pair interactions between these 
segments, ueff = (N&,b)-' C 1, so that the brush thickness 
scales as 

H - Veff1/3Ng~'/3 = N,Q' /~(N&~-' /~  (10) 

Equations 8-10 can be derived by expanding the expression 
for H given in eq 7. In regions 4-6 the grafting density 
is so low that the grafted chains are either nonoverlapping 
or only slightly overlapping (for u > Ng-l in region 6). For 
small values of Nf (region 4, where N&: < 1) the free 
polymer has a negligible effect and the grafted chains 
essentially behave as isolated coils: 

H - NB3I5 (11) 

For larger values of Nf (N& > 1) the effect of the free 
polymer chains can again be accounted for by introducing 
an effective virial coefficient, Ueff = (N&,b)-', so that 

H - ueff 1 1 5 ~  g 315 = N g 3/5(N&b f )  -115 (12) 

For Nf > Ng'I2/4,b (region 6) the grafted chains can be 
described as Gaussian coils: 

H - Nil2 (13) 

It is interesting to note that for grafting densities Ng-l < 
Q < &N;'/2 addition of free polymer to a polymer brush 
immersed in pure solvent can change the scaling depen- 
dence of the brush height from that of a strongly stretched 
polymer (H - Ng) to that of a Gaussian coil (H - Ng1/2). 
The boundaries of the regions shown in Figure 1A can be 
directly found by equating the scaling dependencies on 
both sides of these boundaries. 

Up to now we have only considered the overall brush 
height. A further important parameter is the degree to 
which the free and grafted layers interpenetrate. Let Af 
be the penetration length of the free polymer into the 
brush and 4 the penetration length of the grafted polymer 
into the solution. A more precise definition of these 
quantities will be given in the Results section. It has 
previously been S ~ O W ~ ~ J ~  that, for glrafted polymer chains 
that are strongly stretched, the latter interpenetration 
length scales as 

Ag - N,2/3H-'/3 (14) 

This scaling relationship has a wide applicability. It is 
valid both for compressed and noncompressed brushes, 
for good and bad solvents, and for brushes immersed in 
a melt. One expects this scaling law to describe the degree 
of penetration 4 of the grafted chains into the polymer 
solution in all three regions of Figure 1A (regions 1-3) 
where the grafted chains are strongly stretched. The 
behavior of the free polymer chains is more complicated. 
When Nf is large, only a fraction of the segments of a free 
chain penetrate into the brush. These segments experience 
the parabolic potential profile u(z) of the brush, 

u(z) = P(H2 - 22) (15) 

with K defined below eq 6. If n segments of the free 
polymer chain penetrate into the brush up to a distance 
Af from the outer boundary of the brush, then the free 
energy increases with an amount: 

H43 (16) n H  - sH-a~(~) dz zi n P H 4  - - 
4 1 4 ~ ;  
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The last equality in eq 16 takes into account that the free 
polymer chains are not stretched, so that A? z n12. 
Balancing AFwith the thermalenergy (-kT),oneobtains 

Af - Ntl3H-'I3 (17) 

This scaling dependence holds when n = A?/12 < Nf or H 
> lN2Nf-3/2. For smaller values of Nf whole molecules of 
the free polymer penetrate into the brush. The increase 
in free energy due to the presence of a free polymer in the 
brush at a distance z' from the grafting surface is 
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N 8 ,  (18) 
Ng 

where Af = H - z' and the free chains are again assumed 
to be Gaussian. Balancing this expression with the thermal 
energy leads to another scaling law for Af: 

A~ - N , ~ N ~ ~ H - '  (19) 

This dependence should hold for lN,2Nf-3/2 > H > 
2N,Nf-'l2. When H < 1NgNf-'I2, the free polymer pen- 
etrates throughout the whole brush (Af = H). 

In Figure 1B the two dashed curves give the boundaries 
between the areas where Af follows the various caling laws 
derived above. To the right of the curve with the short 
dashes (i) Af equals Ag and scales as N,2/3H-1/3. For a > 
(4:)3/2 (i-e., for systems in region 1 of the diagram of 
Figure 1A) this means that the penetration lengths scale 
as N,'/3~1/9. The volume fraction profiles of the grafted 
and free chains are symmetrical around their intersection 
point. The free chains only partly penetrate into the brush. 
Between both dashed curves (ii) whole molecules of the 
free polymer penetrate into the brush, but Af < H. The 
free chains penetrate farther into the brush than the 
grafted chains do into the solution, so that the volume 
fraction profiles become asymmetrical. This asymmetry 
is even more pronounced left of the curve with the long 
dashes (iii), where the free chains penetrate throughout 
the whole grafted layer: Af = H, while A, is still given by 
eq 14. In region 6 (iv), where the grafted chains are no 
longer strongly stretched, Af = Ag = H = 1N,'I2. 

Analytical Theory for the Interaction between Two 
Brushes. We now consider the case of two interacting 
brushes in a solution of mobile polymer with a bulk volume 
fraction 4:. Analytical expressions for the volume frac- 
tion profiles and conformational free energy of a com- 
pressed brush were obtained earlier.7 Here we extend the 
results of ref 7 in order to calculate the free energy of 
interaction of two brushes which are compressed against 
each other. We take into account the redistribution of 
the free polymer during the compression. As before, the 
interpenetration of the two opposite brushes is neglected. 
The interacting brushes are considered as being com- 
pressed against an impermeable surface which is situated 
in the middle of the two grafted layers. 

The equilibrium amount of free polymer as a function 
of the degree of compression was given in eqs 23 and 25 
of ref 7. When the two brushes just do not yet overlap 
(so that the interplate distance M1= 2H), the amount of 
free polymer, 8f(2H), in the system equals: 

where H is given by eq 7. When the brushes are 
compressed, we define a compression ratio q as MlIW, 
which is smaller than unity for compressed brushes. The 
amount of free polymer decreases when q decreases. 
Introducing the ratio y = 8f(M)/19f(w), we can write the 
following implicit equation for the amount of free polymer: 

where D(x)  is again the Dawson integral, the normalized 
grafting density d is defined as d = ~(3 /8 ) ' /~u ,  and x = 
Nfl/2KM1/2. The conformational free energy A(M) of a 
brush compressed to a distance M1(<2 H) is given by eq 
18 of ref 7: 

ln(8f(M)(r(s,M/2 exp(12K2N$) dx)-') + (1 --- 2NBU 

M. 

The interaction free energy as defined by eqs 2 and 4 is 

(P, - P;)(~,(W - 8,(M)) (23) 

After some rearrangements the final result becomes 

(Nil In 4: - ln(1- 4:) + N i l  - 1)) (24) 

This equation is only valid for relatively short mobile 
chains, since it does not take into account the loss in 
conformational free energy of the chains in the gap between 
the two brushes. For long mobile chains this should 
explicitly be taken into account. 

All derivations presented in this section were made for 
fully flexible chains (i.e., polymer chains with a Kuhn 
length equal to the segment diameter). The results can 
straightforwardly be generalized for systems with stiffer 
chains, for which it is more justifiable to use SCF theory.'' 
However, this will not affect the free energy and other 
dependencies on parameters such as chain length and 
grafting density. 

3. Results 
Grafted Chains in a Polymer Solution. All lattice 

model results that are presented in this section were 
computed using a cubic lattice. Figure 2 shows volume 
fraction profiles of polymer brushes that are immersed in 
a polymer solution, calculated both with the analytical 
theory (eqs 6 and 7) and the lattice model. The chain 
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surface than they should according to eq 6. For Nt = 300 
eq 7 still gives a good estimate of the brush height, but it 
predicts a far too sharp boundary of the grafted and free 
polymer layers. Especially for the higher grafting densities 
this effect is very pronounced. It is caused by the very 
approximate way in which the translational entropy of 
the mobile chains is accounted for in the derivation of eq 
6. 

If a full description is wanted of the system consisting 
of grafted polymer immersed in a solution of relatively 
long free polymer chains, one must combine eq 7 with the 
scaling dependencies of the penetration lengths Af and Ae 
These were given in the previous section (eqs 14-19). In 
Figure 3 the lattice curves for Nf = 30 are asymmetric 
around the intersection point of the two profiles. This is 
in agreement with the prediction for the region left of the 
curve with the short dashes in Figure 1B. For Nf = 300 
one moves into the symmetrical region, so that Af = A,. 
The scaling dependence of Af on Nf, N,, and H is shown 
in Figures 4 and 5. In all cases the penetration length has 
(arbitrarily) been defined as the distance over which &(z) 
falls from 4,(z) (i.e., the intersection point of both profiles) 
to half this value. The systems which correspond to the 
data points of Figure 4 are described in Table 1. They all 
belong to the symmetric area of the phase diagram. The 
penetration length At indeed scales as N,2/3H-1/3, as 
predicted by eq 17. Table 2 gives the systems that are 
shown in Figure 5. These belong to the asymmetric area 
of the phase diagram. In this case the penetration length 
Af scales as Ng2(NfH)-', as expected from eq 19. 

Up to now we have considered grafted polymer chains 
that are strongly stretched (H - N , regions 1-3 of the 
phase diagram). When u < 4:N;'/', an increase of the 
chain length of the mobile polymer leads to a transition 
of the grafted chains from a strongly stretched (H - Ng) 
to a Gaussian coil conformation (H - Ng'/2). Equation 
6, whose derivation was based upon the grafted chains 
being strongly stretched, is then no longer valid. In Figure 
6 lattice calculations are shown for systems that are 
expected to show this Gaussian coil behavior. Only the 
volume fractions of the grafted component are shown. 
Reduced coordinates have been used to clearly demon- 
strate the scaling behavior of the grafted polymer chains. 
One can conclude from Figure 6 that H indeed scales as 
N,'l2. However, the volume fraction profiles themselves 
do not precisely obey this scaling relationship: the scaled 
profiles do not exactly collapse onto one master curve. 

Interaction between Two Brushes in P u r e  Solvent. 
Figure 7 shows interaction curves for the compression of 
two polymer brushes in a pure solvent (no free polymer 
present). The solid curve is the analytical prediction of 
eq 24, where in this case all terms containing I$ and y 
vanish. The other curves were obtained from the lattice 
model for N ,  = 50, 200, and 600. The insets show the 
interaction on a semilogarithmic scale. Equation 24 
predicts that Aint(q) - N,. For long chains the lattice 
calculations approach the prediction of eq 24. The 
agreement also becomes better for larger grafting densities 
(see Figure 7B). These trends are the same as those found 
when comparing volume fraction profiles of noncom- 
pressed brushes. For small compressions (q = 1) relatively 
large deviations remain between the lattice calculations 
and the strong-stretching model, even for long chain 
lengths. This is most clearly seen from the curves drawn 
on a semilogarithmic scale. Here only the outermost part 
of the brush is being compressed. In this case the 
exponential decay (foot) of the profile, predicted by the 
lattice model, has a relatively strong effect on the 

0 3  

0 2  

0 1  

0- 
0 0.5 

Figure 2. Volume fraction profiles of brushes immersed in a 
solution of short mobile polymers with chain lengthNr = 10. The 
volume fractions of both grafted and free chains are given as a 
function of the reduced distance z /H  to the grafting surface. The 
layer height H has been calculated using eq 7. The dashed curves 
give 4 and 4f as predicted by eq 6 (these curves do not depend 
upon f i g  as H - Ng) .  The solid curves follow from lattice model 
calculations. Further parameters: NB = 50, 200, and 600; c = 
0.1; 4; = 0.1. 

length Nf of the mobile polymer is 10 segments, and the 
lattice calculations (solid curves) have been made for 
grafted polymer chain lengths N g  of 50, 200, and 600. 
According to eq 7, H - N,, so that the volume fraction 
profiles given by eq 6 (dashed curves) are independent of 
Ng if they are plotted as a function of the reduced distance 
z /H .  The longer the grafted chain length, the better the 
agreement with the analytical equations. For shorter 
grafted chain lengths the profile of the grafted component 
shows a clear "foot" protruding into the solution. The 
shorter chains also show a clear depletion zone near the 
surface, which is absent in the analytical model. These 
features are completely analogous to the situation where 
the brush is immersed in a one-component low molecular 
weight solvent. The system of Figure 2 belongs to region 
1 of the phase diagram of Figure 1A. The volume fraction 
profiles of the free and grafted chains are asymmetric 
around their intersection point. This is especially clear 
for highNp Whole molecules of the free component (which 
are only 10 segments long) move into the brush, but they 
do not penetrate further than approximately 50% of the 
brush height. 

In Figure 3 the analytical model is compared with the 
lattice calculations for systems in regions 1 (a = O . l ) ,  2 (a 
= 0.02), and 3 ( u  = 0.004) of the phase diagram. The bulk 
volume fraction of free polymer has a value of 0.1 in all 
cases. In each case the results are shown for a small free 
polymer (Nf = 30, which is 5 %  of the chain length of the 
grafted polymer) and for a larger free polymer (Nf = 300, 
which is half the grafted chain length). In the derivation 
of eq 6 it was assumed that Nf << Ne Indeed, for all three 
grafting densities shown in Figure 3 the curves for Nf = 
30 show better agreement between the lattice calculations 
and eq 6 than do the curves for Nf = 300. For Nf = 30 the 
brush thickness H is described well by eq 7. The 
penetration length A, decreases with increasing H and is 
approximately given by eq 14. The free polymer penetrates 
the brush over a length Af which exceeds A, and becomes 
equal to H for low grafting densities; these trends agree 
well with the scaling relations given in Figure 1B. 

The analytical volume fraction profiles of the grafted 
component deviate slightly from the lattice calculations 
at  the surface and at  the periphery of the layer. These are 
well-known effects that are also seen with brushes im- 
mersed in a one-component low molecular weight solvent. 
The presence of the surface leads to a narrow depletion 
layer for the grafted polymer, and because of their finite 
chain length, some chains stretch farther away from the 
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Figure 3. Volume fraction profiles of brushes immersed in solutions of relatively short (Nt = 30) and relatively long ( N f  = 300) mobile 
polymers. The dashed curves follow from eq 5, and the solid curves are lattice calculations. In all cases NB = 600 and 4: = 0.1. The 
grafting density and free chain length are indicated in the graphs. 

c " e 
0 

1 3 i 

0- 
0 10 ~ 2 / 3 ~ - ' / 3  20 

Q 

Figure 4. Penetration length At of the free polymer into the 
brush as a function of grafted chain length, NB, and brush height, 
H. The systems presented in this figure belong to the "symmetric 
arean of Figure 1B. The data of these systems are given in Table 
1. 

interaction curve. This  causes t h e  interaction free energy 
t o  have a finite positive value for values of q larger than 
unity. 

I 0 
20 - 

I I c 
t c 

c 1 
I 3 1 b 10 - 

1 - ,c: 
l 00" 

0 100 N~~/(N,H) 200 
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Figure 5. Same as Figure 5 for systems that are in the 
"asymmetric area- of Figure 1B. The data of these systems are 
given in Table 2. 

In Figure 8 volume fraction profiles calculated from the 
lattice model are  given for N g  = 600 and  u = 0.01. T h e  
profiles of the brushes on  both surfaces are drawn 
individually for three interplate distances: M = 200 (q = 
1.03), M = 50 (q = 0.261, and M = 20 ( g  = 0.10). Note the 
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Table 1 
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100 
300 
300 
300 
300 
600 
600 
600 
600 
600 

0.5 
0.1 
0.5 
0.1 
0.5 
0.1 
0.1 
0.1 
0.1 
0.01 

N. U 

200 0.1 
200 0.1 
200 0.5 
200 0.1 
200 0.5 

6000 0.1 
200 0.1 
600 0.5 
200 0.5 
600 0.1 

Table 2 

Nr I$? 

5.2029 
8.7143 
9.7201 
9.6549 

11.713 
12.205 
12.226 
14.758 
14.802 
18.171 

NwZl NtH 

0.99538 
1.7501 
1.9633 
1.9923 
2.5159 
2.3393 
2.6399 
2.9248 
3.4746 
4.0375 

Af 

200 
200 
400 
200 
200 
300 
400 
300 
400 

0.1 50 0.1 
0.1 50 0.1 
0.1 50 0.1 
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Figure 6. Volume fraction profiles of systems in region 6 of 
Figure 1. Only the grafted chains are shown. All curves are 
lattice calculations. The reduced distance to the grafting surface 
zN -1/2 is used as the abscissa to check the relationship H - 
N$. The reduced volume fraction @/(uN,1I2) is used as the 
ordinate so that the areas under all curves are equal. In all cases 
& = 0.5 and Nf = 500. The values of u and N g  are shown in the 
figure. 

different scales for the three diagrams. In Figure 8A (q 
= 1.03) the brushes just start to interact with each other. 
Although q > 1, so that according to the “classical” 
prediction of eq 24 there should not yet be any interaction, 
the tips of both profiles do already slightly overlap, giving 
rise to a finite free energy of interaction, which is neglected 
in the analytical theory. 

The analytical theory further neglects the fact that when 
two brushes are compressed against each other, the chains 
attached to both surfaces will to a certain extent inter- 
penetrate. This can be clearly seen in parts B and C of 
Figure 8. Such interpenetration was also seen in the 
molecular dynamics study of Murat and Grest12 and the 
recent Monte Carlo simulations of Chakrabarti, Nelson, 
and T0ra1.l~ Decreasing the plate separation eventually 
leads to a complete overlap of both layers. Taking into 
account this interpenetration should lead to a slightly less 
repulsive interaction. 

In Figure 9 the effect of this interpenetration on the 
free energy of interaction is quantified for a brush with 
a chain length of 200 segments and a grafting density of 
0.01. The results of the lattice model are given for three 
different cases. The first is the compression of two brushes 
on opposite surfaces (which is denoted in the figure legend 
as “two brushes”). This is exactly the same system as 
shown in the previous figures. In the second case a single 

1 
q 

0.5 

, (8) a =0.01 
, 

Figure 7. Interaction curves between two brushes in the absence 
of free polymer. The lattice calculations for Ng = 600,200, and 
50 are compared with eq 24 (solid curve). Grafting density: u 
= 0.001 (A);0.01 (B). The insets show theinteraction free energies 
on a semilogarithmic scale. 

brush (denoted as “one brush”) is compressed by a bare 
surface (i.e., a surface bearing no grafted polymer); q is 
now defined as MIIH. In this case there is no interpen- 
etration, as the chains cannot move through the surface 
by which they are compressed. Therefore, one would 
expect a better agreement with eq 24. However, the 
agreement is worse. Below we explain the reason for this 
discrepancy. The curves denoted by “adsorbing chains” 
in Figure 9 have been calculated for the same system as 
that denoted by one brush, but now the segments of the 
polymer have a small attractive interaction with the bare 
surface. The value of this attraction can be described by 
the adsorption energy xs as defined by Silberberg.14 We 
have chosen xs = -ln(5/6), which is the critical adsorption 
energy of an infinitely long polymer chain on a cubic lattice. 

For all three cases of Figure 9 the lattice calculations 
give a more repulsive interaction than that predicted by 
the analytical theory. At  any separation the compression 
of a brush by a bare surface is more repulsive than the 
similar compression by another brush. The difference 
between these two systems is not, however, solely due to 
the interpenetration that occurs between the two brushes. 
The bare surface also imposes entropical restrictions on 
the conformations of the grafted polymer chains. This 
unfavorable entropical interaction is compensated when 
there is an attractive interaction of the segments with the 
surface, as is the case for the curves denoted by adsorbing 
chains. The adsorbing chain curve and the curve for two 
brushes virtually coincide, except for very small compres- 
sions ( q  > 1). When the outermost parts of two brushes 
start to overlap, the interpenetration of the chains leads 
to a decrease in the repulsive interaction. For q < 1 this 
effect has become negligible. 

A t  high compressions the two layers very strongly 
overlap. Nevertheless, for small values of q the analytical 
equations for the free energy of interaction (where this 
overlap is neglected) agree very well with the lattice 
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Figure 8. Volume fraction profiles of two brushes that are 
compressed against each other. N E  = 600; u = 0.01. The degrees 
of overlap are as follows: for M = 200, q = 1.03; for M = 50, q 
= 0.26; for M = 20, q = 0.10. 

calculations. In this region the osmotic pressure forms 
the major contribution to the free energy, so that the exact 
shape of the volume fraction profile becomes less impor- 
tant. 

In Figure 10 the amount of interpenetration is plotted 
for six different systems. The interpenetration length A 
has been defined as the distance from the midplane to the 
plane where the penetrating chains have a volume fraction 
equal to half their volume fraction in the middle. The 
parameter A is expected to scale as N,2/3M-ll3,4 analogous 
to the scaling relation given in eq 14 for the interpenetra- 
tion distance A, of a brush into a polymer solution. We 
may indeed conclude from Figure 10 that A - N,2/3M-1/3, 
irrespective of chain length, grafting density, and solvency 
(x = 0, good solvent; x = 0.5,9 solvent). For small values 
of M the data of all six systems obey this scaling 
relationship rather accurately. Of course, it is to be 
expected that for larger values of M deviations occur. In 
these cases the calculated points do not lie on the master 
curve. When M becomes twice the brush height, there 
cannot be any interpenetration at  all. 

Interaction between Two Brushes Immersed in a 
Polymer Solution. Figure 11 shows interaction curves 

1 q 0.5 

Figure 9. Interaction curves between two brushes and between 
a brush and a wall. Parameters: NE = 200; u = 0.01. The solid 
curve is calculated using eq 24. The curve ‘two brushes” is the 
free energy of interaction when two similar brushes are com- 
pressed against each other; in this case the chains in both brushes 
can interpenetrate. The ‘one brush” curve gives the free energy 
of interaction of a single brush which is compressed by a hard 
impenetrable surface. The “adsorbing chains” curve is calculated 
for the same system, but in this case the grafted polymer chains 
have a small adsorption energy for the surface which compresses 
them. 
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Figure 10. Distance of interpenetration, A, when two equal 
brushes are compressed against each other. M is the distance 
between both grafting surfaces, expressed in number of lattice 
layers. This figure checks the scaling dependence predicted by 
eq 14. 

of brushes in a polymer solution. An important parameter 
in the calculation of Aint(q) is the amount of mobile 
polymer, Of(M), between the plates when they are a t  an 
arbitrary separation M .  Figure 12 shows the relative 
amount of free polymer in the system, y = ef(q)/Of(q=l), 
for N ,  = 600, (r = 0.01, and Nf = 10 and 50. There is 
excellent agreement between the lattice model and the 
prediction of eq 21 for the amount of free polymer expelled 
from the gap between the brushes. 

In all cases of Figure 11, for large compressions (q < 0.5) 
the analytical equations agree very well with the lattice 
calculations. The inset for Nf = 10 shows the interaction 
curve on a linear scale. Plotted on this scale the figure 
shows that over the whole range of q eq 24 predicts the 
interaction very well when free polymer chains are present 
in the system. For the other values of Nf (50, 200, and 
600) a linear plot (not shown) displays the same agreement 
between the two models. To study the interaction at  q = 
1, it is more convenient to plot the free energy of interaction 
on a logarithmic scale, as is done in Figure 11 for all four 
values of Nf. The lattice calculations predict a more 
repulsive interaction for small compressions, which is due 
to the foot in the volume fraction profile. This is similar 
to the case for a polymer brush in a pure solvent. The 
contribution of the foot turns out to depend on the free 
chain length. For Nf = 50 or 200 it shows up for slightly 
larger values of q than it does for Nf = 10, but for Nf = 
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Figure 11. Interaction curves of two brushes in a polymer solution for various chain lengths of free polymer: Nf = 10 (A), 50 (B), 
200 (C), and 600 (D). Other parameters: N g  = 600; u = 0.01; 4: = 0.1. The inset shows the data for Nf = 10 on a linear scale. All 
other graphs are on a semilogarithmic scale. 
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Figure 12. Fraction of free polymer remaining between two 
brushes when these are compressed for two values of Nf. Other 
parameters: NB = 600; u = 0.01; 4: = 0.1. 

600 the contribution of the foot seems to become less 
important. 

However, for high Nf the situation is more complicated, 
as is shown in Figure 13. Increasing the chain length of 
the mobile polymer leads to an attractive minimum in the 
interaction curve for q > 1. For Nf = 600 (=N,) this starts 
to have an important effect on the total interaction free 
energy for small compressions. Van Lent e t  aZ.15 exten- 
sively studied this attraction between polymer brushes in 
a polymeric solution. It is an effect that has also been 
found experimentally and can be easily understood for 
the limiting case when there is no grafted polymer (i.e., 
u = 0). Due to the depletion of free polymer in the vicinity 
of the surfaces, an attractive osmotic force appears. Some 
experimental results indicate that this attraction can also 
exist when the surfaces are covered by a grafted layer (see, 
for example, ref 16 and the references given therein). Van 
Lent e t  al. showed that such an attraction is predicted by 
the SCF lattice theory. However, they only considered 
systems for which Nf 1 Nr For all values of 4; an increase 
of Nf then leads to a deeper attractive minimum in the 
interaction curve. In contrast with the situation that no 
grafted polymer is present, this attraction was shown to 
be an entropic effect caused by the grafted chains 
themselves and not directly by the free polymer. The 

-5.0 1 o - ~  
100 120 140 M 160 

- 

4.0 10'~ 

-G - 
% o  - 

-4.0 1 0 . ~  - 

390 400 410 M 420 

Figure 13. Effect of the chain length of the mobile polymer on 
the interaction curves near the onset of interaction (q around 1). 
For large values of Nf an attractive minimum appears. In part 
A, u = 0.01, and in part B, u = 0.1. Other parameters: Ng = 600; 

grafted chains mix more easily with chains from the other 
grafted layer than with the free polymer coils. 

Figure 13 shows that in order to find an attractive 
minimum the free polymer must exceed a certain minimum 
chain length. Increasing the grafting density decreases 
this minimum value of Nt. For example, when Nf = 400, 
there is no attractive minimum if u = 0.01 (Figure 13A), 
but for the higher grafting density u = 0.1, such a minimum 
does occur (Figure 13B). In Figure 13 for any q the 

4; = 0.1. 
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(for which we defined the reduced surface separation q to 
be unity). For Ng = 50 and u = 0.01, representative of the 
adsorption of a short block copolymer, there is already a 
free energy of interaction on the order of lo3 kT per lattice 
site for q = 1.25. Assuming a lattice spacing 1 on the order 
of 1 nm, this is an interaction that should be just within 
the detection limit of the surface force apparatus. In this 
context it is interesting to note that Milner17 made a 
quantitative comparison between experimental force- 
distance data and strong chain stretching SCF equations. 
Only at  large separations did he find the theoretical 
repulsion to be significantly lower than the experimental 
data, Although he prefers to explain this discrepancy by 
a polydispersity argument, our calculations suggest that 
it may also be explained by the approximate character of 
the strong-stretching theory and would even occur for 
completely monodisperse brushes. In Figure 7 one can 
also see that even for long chain lengths (Ng = 600) and 
large compressions (q < 0.25) there is still a small difference 
between the lattice calculations and eq 24. This may be 
caused by the depletion zone next to the surface, which 
is still present for small values of M (see Figure 8 ) .  

When two polymer brushes are compressed against each 
other, the distance A over which chains penetrate into the 
opposite layer scales as N,2/3M-1/3 (Figure 10). This 
interdigitation has, however, hardly any effect on the 
normal force between both layers. But that does not 
necessarily mean that the overlap of both grafted layers 
is of no consequence whatsoever. When the polymer 
brushes are compressed and subsequently a lateral (shear- 
ing) force is applied, the overlap of both layers will probably 
significantly influence the interaction. In principle, this 
can be investigated using the apparatus of Klein et a1.,18 
which measures both normal and lateral forces. 

When polymer is added to the solution in which a 
polymer brush is immersed, the grafted layer is com- 
pressed. The resulting volume fraction profiles of the 
grafted and free components are given by eq 6. For short 
free chain lengths this equation gives as good a description 
of the profiles as the strong-stretching theory does for 
brushes immersed in a one-component low molecular 
weight solvent. For longer free chain lengths the overlap 
area of the grafted and free components is described poorly. 
However, as far as only the brush height is concerned, eq 
7 still agrees very well with the lattice calculations. 

A new feature we have added to the system of grafted 
plus free polymer is the penetration lengths of both 
components into the opposite phase. Using simple 
thermodynamic arguments, we derived scaling laws for 
the two penetration lengths in different parts of the 
diagram of states. These scaling laws were corroborated 
by the lattice calculations. In principle, it is possible to 
determine the volume fraction profiles of the grafted and 
free chains individually in a neutron reflectivity experi- 
ment. By contrast-matching one of the two components 
with the solvent, only the other component is detected. 
Thus the interpenetration of both layers might be checked 
experimentally. As far as we know this has not yet been 
done. 

When free polymer is present in the solution, eq 24 can 
be used for the free energy of interaction between two 
brushes (this equation predicts a purely repulsive interac- 
tion). Only when the free polymer chain length exceeds 
a critical value (which depends upon the grafting density 
and grafted polymer chain length) does the interaction 
profile which is obtained from the lattice model acquire 
a qualitatively new feature: for q 1 1 an attractive 
minimum appears. It is not possible to explain this in 

-0.0005 

-0.001 L Y - l - - - -  J 
0 0.05 Q 0.1 

Figure 14. Depth of the minimum in the interaction curve as 
a function of grafting density. Parameters: N g  = 600; 4: = 0.1. 
The values of Nf are indicated in the figure. 

repulsion is larger for shorter Nf. Furthermore, the 
minimum shifts to a smaller plate separation when Nf is 
increased. In Figure 11 this trend was not found for the 
dependency of the repulsion on Nf. This can be explained 
by the fact that in Figure 11 the free energy of interaction 
is given as a function of the relative compression q, whereas 
in Figure 13 it is given as a function of the plate separation 
M .  The brush height itself depends on Nf, which explains 
the apparent nonmonotonic dependency of the repulsion 
on Nf found in Figure 11. 

It would be useful to interpret these results using the 
diagram of state of Figure 1. We find that attraction only 
occurs for strongly stretched chains, when the grafted and 
free polymer profiles are symmetric around their intersec- 
tion point (region 1 for high Nf). However, this symmetry 
condition is not sufficient for attraction to occur. If it 
were, then in Figure 13 there should be an attraction for 
Nf > N,2/3u-2/9 when u > (&)3/2 (Le., Nf > 119 when a = 
0.1). The minimum value of Nf turns out to be larger than 
this. For a system in which there is an attractive minimum, 
the depth of this minimum depends on the grafting density. 
This is shown in Figure 14, where the value of the attractive 
minimum is given as a function of u. This is done for a 
constant grafted chain length ( N g  = 600) and five different 
free chain lengths. For small Nf the attraction disappears 
completely below a certain grafting density. Only at  
extremely low densities does it then reappear again. This 
is difficult to see in the figure because the curves practically 
coincide with the left ordinate axis. That the attraction 
must reappear at low coverages is obvious; as for u = 0 one 
recovers the depletion attraction of two surfaces without 
grafted layers. However, Figure 14 shows that increasing 
the grafting density from zero to just a very low value (a 
C Ng-l) already makes the attraction disappear. The 
grafted chains then still have unstretched conformations. 
This corresponds with the bottom part of Figure 1A. 

4. Discussion and Conclusions 
In this paper we have explored the applicability of the 

strong chain stretching approach to give an SCF descrip- 
tion of end-grafted polymer layers that interact either with 
eachother or with free polymer in solution. This approach 
has previously been shown to agree very well with more 
exact lattice calculations in describing isolated (i.e., 
noninteracting) grafted layers. In this case significant 
deviations occur only very close to the surface (depletion 
effect) and at  the periphery of the grafted layer (expo- 
nential decay of the volume fraction profile). For long 
enough polymer chains these deviations are negligible, 
but for short chain lengths they may become important. 

Our lattice calculations indeed show that the onset of 
interaction between two brushes is situated at a larger 
distance than twice the "strong-stretching brush height" 
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terms of the diagram of state in Figure 1. The minimum 
is deepest when 0 = 0 (i.e., for hard surfaces). For relatively 
short chain lengths (Nf < Ng) even a very small amount 
of grafted polymer already causes the attraction to 
disappear. It should be possible to verify this prediction 
experimentally. Practical applications are perhaps pos- 
sible in systems where depletion attraction undesirably 
leads to flocculation. 
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